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Abstract

Graph bundles generalize the notion of covering graphs and graph
products. In this paper we extend some of the methods for recognizing
Cartesian product graphs to graph bundles. Two main notions are
used. The first one is the well-known equivalence relation δ∗ defined
on the edge-set of a graph. The second one is the concept of k-convex
subgraphs. A subgraph H is k-convex in G, if for any two vertices
x and y of distance d, d ≤ k, each shortest path from x to y in G is
contained entirely in H. The main result is an algorithm that finds
a representation as a nontrivial Cartesian graph bundle for all graphs
that are Cartesian graph bundles over a triangle-free simple base. The
problem of recognizing graph bundles over a base containing triangles
remains open.

1 Introduction

Knowledge of the structure of a graph often leads to faster algorithms for
solving combinatorial problems on these graphs. In general, an efficient al-
gorithm for recognizing a special class of graphs may allow us to compute
certain graph invariants faster. For example, the chromatic number of a
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Cartesian product is the maximum of the chromatic numbers of the factors.
Computing the chromatic number is in general an NP–hard problem, but
factoring can be done in polynomial time. Hence, if the graph is a Cartesian
product, we can save computation time by first factorizing and then comput-
ing the chromatic numbers of the factors. Here we shall be concerned with
the structure of Cartesian graph bundles.

Graph bundles [13, 12] generalize the notion of covering graphs and graph
products. We note that they can be defined with respect to arbitrary graph
products [13]. Various problems on graph bundles were studied recently,
including edge coloring, maximum genus, isomorphism classes and chromatic
numbers [12, 11, 10, 8, 9]. We shall only consider the problem of recognition
of Cartesian graph bundles.

It is well known that finite connected graphs enjoy unique factorization
under the Cartesian multiplication [14] and recently a number of polynomial
algorithms for recognizing Cartesian product graphs heve been published
[3, 15, 1]. Contrarily, a graph may have more than one presentation as a graph
bundle. Natural questions therefore are to find all possible presentations of
a graph as a graph bundle or to decide whether a graph has at least one
presentation as a nontrivial graph bundle. We will restrict our attention to
cases where fibres are connected.

In this note we present a result on recognizing Cartesian graph bundles.
We begin with several definitions and recall some well-known results in Sec-
tion 2. The main theorem is proved in Section 3. In the last section we
present a polynomial algorithm which finds all so–called minimal presen-
tations of a graph as a Cartesian bundle provided the base graphs do not
contain triangles.

2 Preliminaries

In this section we begin with definitions and well known or easily proved
facts. We will consider only connected simple graphs, i.e. graphs without
loops and multiple edges.

We say that two edges are adjacent if they have a common vertex. Fur-
thermore, G ∼= H denotes graph isomorphism, i.e. the existence of a bijection
b : V (G) → V (H) such that g1, g2 are connected in G exactly if b(g1), b(g2)
are connected in H.
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The Cartesian product G2H of graphs G and H has as vertices the pairs
(g, h) where g ∈ V (G) and h ∈ V (H). (g1, h1) and (g2, h2) are connected if
{g1, g2} is an edge of G and h1 = h2 or if g1 = g2 and {h1, h2} is an edge of
H.

Let B and F be graphs. A graph G is a (Cartesian) graph bundle with
fiber F over the base graph B if there is a mapping p:G → B which maps
adjacent vertices of G to adjacent or identical vertices in B and the edges
are mapped to edges or collapsed to a vertex, such that for each vertex
v ∈ V (B), p−1(v) ∼= F , and for each edge e ∈ E(B), p−1(e) ∼= K22F . For a
given graph G there may be several mappings pι : G → Bι with the above
properties. In such cases we write (G, pι, Bι) to avoid confusion. We say an
edge e is degenerate if p(e) is a vertex. Otherwise we call it nondegenerate.
The projection p induces a (fundamental) factorization of G into the graph
consisting of isomorphic copies of the fibre F and the graph consisting of all
nondegenerate edges.

Now we introduce an equivalence relation δ? defined among the edges of a
graph. This relation was first used by Sabidussi[14] and later by Feigenbaum,
Hershberger and Schäffer [3] as a starting relation in their algorithm for
factoring a graph with respect to the Cartesian product. As we show later,
this relation can also be used for recognizing graph bundles.

An induced cycle of four vertices is called a chordless square. We now
define an auxiliary binary relation δ. For any e, f ∈ E we set e δ f if at least
one of the following conditions is satisfied

(1) e and f are the opposite edges of a chordless square.

(2) e and f are adjacent and there is no chordless square spanned on e and
f .

By δ? we denote the reflexive and transitive closure of δ. Since δ is
symmetric, δ? is an equivalence relation.

Note that any pair of adjacent edges which belong to distinct δ?-equivalence
classes span a square. It is easy to see that there is exactly one such square.
We say that δ? has the square property. Furthermore, any equivalence rela-
tion R ⊇ δ also has the square property.

Let R have the square property and let e be an edge. For any edge f not
in the same class as e and incident to f we can define a translation of e along
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f , Tf(e), to be the (unique) opposite edge of the chordless square spanned
by the edges e and f .

Equivalence classes of R will be denoted by Greek letters, possibly equip-
ped by indexes. In particular, the class containing the edge ei will be denoted
by ϕi. We are mainly interested in nontrivial equivalence relations R, i.e.
equivalence relations having at least two equivalence classes.

Now we recall several well-known facts about the equivalence relation δ?,
see for example [3].

Lemma 1 (Lemma 1 of [3]) Each vertex in a connected graph G is inci-
dent to at least one edge of each δ? class.

Lemma 2 (Remark on p.127 of [3]) If the edge {u, v} is in class ϕ1,
then for any other δ?–class ϕ2 6= ϕ1, the vertices u and v have the same
ϕ2–degree, and δ? induces a bijection between the ϕ2–edges incident to u and
ϕ2–edges incident to v.

An ϕ–path is a path in which all edges belong to the same R–class ϕ.
Sometimes we shall only speak of R–paths, not specifying the class ϕ.

Lemma 3 Let u, v be any two vertices of G. Let P be any path betweeen u

and v in G. Then there is a path Q in G, with the same length |Q| = |P |,
such that Q is a concatenation of ϕ–paths for distinct R–equivalence classes
ϕ. In symbols,

Q = Q1Q2 . . . QL Qi ⊆ ϕi

where ϕi ∩ ϕj = ∅ if i 6= j.

This is easily seen for δ?. It follows from the fact that any two adjacent
edges, which are in different δ? classes, span a square. The same reasoning
applies to any equivalence relation R ⊇ δ?.

The property of δ? and of R that each pair of nonequivalent adjacent
edges spans a square has another ’commutativity’ consequence. Let Q be a
shortest path betweeen two vertices, say u and v. Assume Q = Q1Q2 . . . QL,
where the subpaths Qi belong to pairwise distinct R–equivalence classes ϕi.
Let Q1 = q1q2 . . . qk. By successively using the square property of R we can
find a path Q′ = Q′

1Q
′
2 . . . Q

′
iq

′
kQi+1 . . . QL of the same length as Q, where

Q′
j and Qj belong to the same R–equivalence classes for all j = 1, 2, . . . , i
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and q′k ∈ ϕ1. Given a path Q and a desired order of R-equivalence classes we
can therefore find a path Q′ of the same length with arbitrary order of the
equivalence classes of the subpaths. More formally:

Lemma 4 Let u, v be any two vertices of G. Let Q = Q1Q2 . . . QL, Qi ⊆ ϕi

and let {ψi} be any reordering of the equivalence classes (i.e. there is a
permutation π of {1, 2, . . . , L} such that ψi = ϕπ(i)). Then there is a path Q′

in G, Q′ = Q′
1Q

′
2 . . . Q

′
L, such that Q′

i ⊆ ψi = ϕπ(i) and |Q′
i| = |Qπ(i)|.

3 Results

Let R be an equivalence relation on the edge set set E(G) of a connected
graph G and let ϕ be an equivalence class of R. Denote by Gϕ the spanning
subgraph of G containing the edges of ϕ and let Gϕ(v) be the connected
component of Gϕ that contains v ∈ V (G).

We define a graph Bϕ and a projection pϕ : G→ Bϕ

• V (B) = {Gϕ(v) | v ∈ V (G)}

• b1 = Gϕ(v1) ∼ b2 = Gϕ(v2) ⇐⇒ ∃v3 ∈ V (Gϕ(v1)), ∃v4 ∈ V (Gϕ(v2))
such that v3 ∼ v4 in G \Gϕ

• p(v) = Gϕ(v) and p({u, v}) = {Gϕ(u), Gϕ(v)}.

In general Bϕ has no parallel edges but it may have loops.

Proposition 1 Bϕ has no loops if and only if each conected component is
an induced subgraph of G.

Proof: Clear. 2

We call the triple (G, p, B) a pre-bundle if G is connected, p : G→ B is a
graph map, B is simple and if for each e ∈ E(B) p−1(e) is a matching in G.

LetH be a connected subgraph ofG. We say thatH is k-convex inG if for
any pair of vertices u, v ∈ V (H) of distance dG(u, v) ≤ k the set of all shortest
paths IG(u, v) from u to v in G is also contained in H: IG(u, v) ⊆ IH(u, v).
The usual convexity is the same as ∞-convexity and a subgraph is induced
if and only if it is 1-convex. Here we are only interested in 1-convex and 2-
convex subgraphs. Note that 2-convex graphs have been studied for instance
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in [5]. For general H, define: H is k-convex in G if and only if each of
its connected components is k-convex. Let R be an equivalence relation on
E(G) and let ϕ be an equivalence class of R. We say ϕ is k-convex if Gϕ is
k-convex. Furthermore, we define R to be k-convex if each equivalence class
of R is k-convex. R is weakly k-convex if at least one equivalence class of R
is k-convex.

Proposition 2 ϕ is 1-convex if and only if each connected component of Gϕ

is an induced subgraph of G.

Proof: Clear. 2

Note thatBϕ can, by definition, have no multiple edges. Thus, 1-convexity
of equivalence class ϕ implies that Bϕ is a simple graph.

Proposition 3 ϕ is 2-convex if and only if (G, pϕ, Gϕ) is a pre-bundle.

Proof: Assume ϕ is 2-convex. Hence Gϕ is 2–convex. Since 2-convexity
implies 1-convexity, Gϕ is an induced subgraph and therefore Bϕ is simple
by Proposition 2. Furthermore, because of 2-convexity of Gϕ, any vertex of
Gϕ(u) can have at most one neighbor in any other connected component of
Gϕ. Hence, p−1(e) is a matching for any e and (G, pϕ, Bϕ) is a pre-bundle.

Now assume (G, pϕ, Bϕ) is a pre-bundle. Since Bϕ is simple, the connected
components of Gϕ must be induced subgraphs of G (by Proposition 2). It
remains to show that the graph Gϕ (and hence ϕ) is 2-convex. Assume
that Gϕ is not 2-convex. Then there must be a vertex u and a connected
component Gϕ(v) 63 u such that u has at least two neighbors x, y ∈ Gϕ(v).
Since pϕ({x, u}) = pϕ({y, u}) = {Gϕ(v), Gϕ(u)}, p−1 = ({Gϕ(v), Gϕ(u)})
is not a matching which contradicts the assumption that (G, pϕ, Bϕ) is a
pre-bundle. Hence Gϕ must be 2-convex. 2

Lemma 5 Let R be a weakly 2-convex equivalence relation on E(G) with the
square property and let ϕ be a 2-convex equivalence class of R. Let e = {u, v}
be an edge from E \ϕ. Then e induces a unique isomorphism between Gϕ(u)
and Gϕ(v).

Proof: Define the set Me connecting Gϕ(u) and Gϕ(v) as follows.

• e ∈Me
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• if e
′

∈Me, f ∈ E(Gϕ(u)) then Tf (e
′

) ∈Me

• (if e
′

∈Me, f ∈ E(Gϕ(v)) then Tf (e
′

) ∈Me)

Since ϕ is 2-convex, Me is a matching. Because Gϕ(u) and Gϕ(v) are con-
nected, Me is a perfect matching on Gϕ(u) ∪ Gϕ(v) and hence defines a
1-1 map α : V (Gϕ(u)) → V (Gϕ(v)). By Lemma 2 we can verify that
α : Gϕ(u) → Gϕ(v) is a local isomorphism which in turn implies that it
is an isomorphism. 2

Theorem 1 Let G be any graph and R any nontrivial weakly 2-convex equiv-
alence relation having the square property with ϕ being a 2-convex equivalence
class of R. Then (G, pϕ, Bϕ) is a graph bundle.

Proof: By Proposition 3 (G, pϕ, Gϕ) is a pre-bundle. It remains to show that
for each e = {a, b} ∈ E(Bϕ) the matching p−1(e) induces an isomorphism
between two connected components Gϕ(u) and Gϕ(v) such that p(u) = a

and p(v) = b. Since p−1(e) is Me of the previous Lemma this concludes the
proof. 2

The theory developed so far can now be used for representing graph G

as a graph bundle. We start with δ? and then glue some equivalence classes
together as long as the resulting equivalence relation R does not satisfy the
conditions of the theorem. We will later give an algorithm which will use this
approach for recognizing graph bundles. Unfortunately, this approach does
not recognize all graph bundles. For example, take the complete bipartite
graph K3,3. It has trivial δ? but it is a graph bundle with fiber K2 over
base K3. The reason is that K3 contains a triangle. As we show later, the
existence of triangles in the base graph is the only case in which our approach
may fail.

On the other hand, if (G, p, B) is a graph bundle whose base graph B has
no triangles, then each δ? equivalence class either contains only degenerate
edges or only nondegenerate edges.

To show this, let R1 be the union of delta classes containing degenerate
edges and let R2 be the union of delta classes containing nondegenerate
edges. We claim that R1 and R2 have empty intersection. Assume there is
a δ? equivalence class contaning a degenerate edge e′ and a nondegenerate
edge f ′. Then there must be a pair e, f of edges such that e is degenerate,
f is nondegenerate and eδf .
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figured.eps

Figure 1: Degenerate and nondegenerate edge in relation δ?.

We have two different cases to consider. First, if e and f are adjacent
then there must be a chordless square spanned by e and f since two adjacent
fibres induce a Cartesian product with K2. But this is not possible by the
definition of δ.

The second case occurs when e and f are opposite edges of a chordless
square. Then it is easily seen that there must be a triangle in the base
graph; see Fig. 1. Therefore no δ? class can contain both degenerate and
nondegenerate edges. We formulate this as a lemma.

Lemma 6 Let (G, p, B) be a graph bundle whose base graph B has no tri-
angles. Then each δ? equivalence class contains either only degenerate edges
or only nondegenerate edges. In particular, δ? is not trivial.

Let R be any equivalence relation with the square property and let ϕ be
any of its classes. We define the closure C2(ϕ,R) as the subset ρ of the edge
set E(G), such that ρ is the minimal union of equivalence classes of R, that
satisfies the following two conditions: (1) ϕ ⊆ ρ and (2) ρ is 2–convex inG. In
order to justify the above definition we must show that the 2–convex closure
is well defined. It suffices to prove that intersection of 2–convex subgraphs
is 2–convex.

Lemma 7 If two subgraphs C1 and C2 are 2–convex then the intersection
C1 ∩ C2 is 2–convex.

Proof: Let u, v ∈ C1 ∩ C2. If u and v are adjacent in G, then the edge
{u, v} must be in both C1 and C2. If u and v are of distance 2, then any
2–path between u and v must be both in C1 and in C2 because C1 and C2

are 2–convex. 2

An edge e from G \ H that belongs to a shortest 1- or 2-path of G
having both endpoints in the same connected component of H is called an
obstruction of H. Let O(H) denote the set of all obstructions of H. Clearly
H is 2-convex if and only if O(H) = ∅.
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Let R be an equivalence relation E(G) and ρ ⊆ E(G) an arbitrary set of
edges. Define two operators S and T as follows:

S(ρ, R) :=
⋃

ϕj∩ρ6=∅

ϕj T (ρ, R) := {S(ρ, R)} ∪ {ϕk | ϕk ∩ ρ = ∅}

Clearly S represents the union of all equivalence classes of R that meet ρ
and T is new equivalence relation on E(G) obtained from R by merging the
equivalence classes that meet ρ into a single class S. T (ρ, R) is called the
R-closure of ρ. The set ρ is R-closed if T (ρ, R) = R.

Here is an algorithm A for computing C2(ϕ,R) = ρ := A(G,R, ϕ) for
any graph G and an arbitrary set of edges ϕ ⊂ E(G). Later it is used only
in the case when ϕ is an equivalence class of R.

Algorithm A:
Input:G: graph,

R: equivalence relation with the square property on E(G),
given as a partition of E(G) into equivalence classes,

ϕ: subset of E(G)
Output: C2(ϕ,R)
1. k := 0
2. ρk := ϕ

3. γk := O(ρk)
4. Rk := R

5. while γk 6= ∅ do
5.1 ρk+1 := S(ρk ∪ γk, Rk)
5.2 Rk+1 := T (ρk ∪ γk, Rk)
5.3 γk+1 := O(ρk+1)
5.4 k := k + 1

end-while
6. return(ρk)

Lemma 8 Let G be a graph bundle whose base graph contains no triangles
and let ϕ be any equivalence class of δ? containing only degenerate edges.
If ρ := C2(ϕ, δ

?) 6= E(G), then G is a graph bundle with fibres being the
connected components of Gρ.
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Proof: Since each connected component of Gρ is an induced subgraph of G,
every edge of E(G) \ ρ has its endpoints in distinct connected components
of Gρ. The equivalence relation with two equivalence classes {ρ, E(G) \ ρ} is
weakly 2-convex. Therefore, by Lemma 5, all pairs of connected components
of Gρ are pairwise isomorphic. 2

Lemma 9 Let G be a graph bundle with fibre F . Assume each equivalence
class of δ? contains either only degenerate or nondegenerate edges and let
γ be any equivalence class of δ?. If a connected component of the graph
determined by γ is contained in a fibre, then also the connected component
of the 2–convex closure C2(γ, R) is contained in a fibre. In particular, the
graph determined by the 2–convex closure of γ has at least two connected
components.

Proof: We show that if a connected component of H is contained in a fibre,
then also the connected component of the 2–convex closure is contained in
(the same) fibre. Let H be a subgraph of a fibre F1. Let H ′ be obtained
from H by a step of the algorithm A. The obstructions are either edges or
2-paths.
(1) If an edge was added, then this edge must also be in F1 because fibres are
induced subgraphs. Furthermore, any other edge of the same δ?–equivalence
class adjacent to a vertex ofH ′ must be in F1. If not, then this δ?–equivalence
class would contain both degenerate and nondegenerate edges which we have
assumed not to be the case.
(2) If a 2-path (with a new vertex v) was added to H, then we have a vertex
v in another fibre, say F2 connected to a pair of vertices of H and hence
of F1. But since G is a graph bundle a vertex cannot have more than one
neighbor in another fibre. Hence, no edge not belonging to F1 can be added
and H ′ must also be a subgraph of F1.

Thus all obstructions are in F and the edges of the obstructions degener-
ate. Since each class of δ? contains by assumption either only degenerate or
only nondegenerate edges, the δ? closure contains only degenerate edges. 2

If there is a graph B with no triangles, such that (G, p, B) is a graph
bundle for some p, we can now give a polynomial algorithm which finds at
least one representation of G as a bundle. In fact, by computing the closures
of all δ? equivalence classes, we can find all minimal representations of G as
a graph bundle.
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Algorithm B:
Input: G: graph;
Output: C: set of degenerate edges of some bundle representation.
1. compute δ?

2. for all equivalence classes ϕ of δ? do
2.1 if C := C2(ϕ, δ

?) 6= E(G) then return(C)
end-for
3. return(“G is not a bundle over a K3-free base.”)

Theorem 2 Let G be a graph which can be represented as a graph bundle
with triangle-free base. Then algorithm B returns C2(ϕ, δ

?), the set of degen-
erate edges of (G, pϕ, Gϕ), for at least one representation of G as a graph
bundle.

Proof: For any representation with a triangle free base, the equivalence
classes of the relation δ? contain either only degenerate or only nondegenerate
edges by Lemma 6. Let ϕ be an equivalence class of δ? with degenerate edges.
Each connected component must be contained in one fibre and by Lemmas 8
and 9 the closure C2(ϕ, δ

?) is the set of degenerate edges for a representation
of G as a graph bundle. 2

Remark: Algorithm B may also produce a representation with a base
containing a triangle. Indeed, the example where degenerate and nondegen-
erate edges are in the relation δ? is K3,3 \ e, i.e. a K3,3 from which an edge
has been deleted. A more precise characterization of the graph bundles, not
recognized by the algorithm B is the following: There must be a triangle in
the base graph and the composition of the three isomorphisms between fibres
over that triangle (which is an automorphism on one copy of fibre) must map
at least one vertex to one of its neighbors.

Note that algorithm B computes all minimal fibres in polynomial time.
We conclude with some observations on the structure of all representation

of G as a graph bundle. By starting with different equivalence classes of δ?

in the algorithm B we obtain some fibres, which we call minimal fibres. Of
course, there may be more representations of G as a Cartesian graph bundle.
Clearly, given a graph G, the set of all possible fibres is partially ordered
by inclusion (because they are all unions of δ? equivalence classes.) Hence
we can speak of minimal and maximal fibres. The union of two fibres is not
neccessarily a fibre. For example, the graph on Fig. 2 has three δ? equivalence
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figurea.eps

Figure 2: Union of fibres is not a fibre.

classes. It can be represented as a graph bundle taking the edges of class 1 or
edges of class 2 as fibres. However, if we take the union of both classes, the
graph obtained has only one connected component and is not a fibre. There
are also examples where the union of fibres has more than one connected
component, but it is not an induced subgraph any more. Let H be the graph
on Fig. 2 and define G = H2K2. Now the union of class 1 and class 2 (of δ?

in E(G)) has two connected components, but it is not an induced subgraph,
as class 3 edges have to be added to get two fibres isomorphic to H in the
(product) bundle H2K2.

It can be shown that the intersection (if nonvoid) of two fibres is a fibre.
Hence, if we know all maximal fibres, we probably have information on all
possible fibres. It seems that the maximal fibres are more difficult to find
than the minimal fibres.

Since the union of two fibres is not neccessarily a fibre we may try to
extend each of the known fibres with any other equivalence class of δ? and
compute the closure defined above. However, the time complexity of such an
algorithm is no more polynomial, since we may have to repeat it too many
times.

We gave a rather simple algorithm for recognizing Cartesian bundles with
triangle-free base. It is natural to pose:
Problem 1: How complicated is it to recognize Cartesian bundles over
arbitrary base graphs?

We know it is no problem for our algorithm to recognize graphs which
have no induced K3,3 \ {e}. A straightforward approach therefore would be
to detect K3,3 \{e} in G and then in some way ‘disable’ the edges involved so
that any pair of degenerate and nondegenerate edges would not be related.
Problem 2 : How difficult is recognition of graph bundles with respect to
strong or other graph products?

12



References

[1] F.Aurenhammer, J.Hagauer and W.Imrich: Cartesian Graph Factorization at

Logarithmic Cost per Edge, Computational Complexity 2 (1992) 331-349.

[2] T.Feder: Product Graph Representations, Journal of Graph Theory 16 (1992)

467-488.

[3] J.Feigenbaum, J.Hershberger and A.A.Schäffer: A Polynomial Time Algo-
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