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Abstract

Cartesian products of complete graphs are also known as Hamming
graphs. Given a graph G on n vertices and m edges we propose an
algorithm that decides in O(m) time and O(n?) space whether G is a
Hamming graph.

1 Introduction

This note is a contribution to the recognition of classes of graphs defined
by metric properties. These classes include Hamming graphs, quasimedian
graphs, partial Hamming graphs, binary Hamming graphs, median graphs
and partial binary Hamming graphs.

We begin with the definitions of the justmentioned classes of graphs and
then list fast algorithms for recognizing them. We note that the terminology
is not uniform and that our definitions are chosen for brevity.
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Thus, Hamming graphs can be defined as Cartesian products of complete
graphs, quasimedian graphs as weak retracts of Hamming graphs and partial
Hamming graphs as isometric subgraphs of Hamming graphs.

Every Hamming graph is a quasimedian graph and every quasimedian
graph a partial Hamming graph.

In case we restrict attention to bipartite graphs in the above classes
one obtains, first of all, binary Hamming graphs, which are just bipartite
Hamming graphs or Cartesian products of Ks-s. These graphs are also
known as hypercubes.

Median graphs are then defined as retracts of binary Hamming graphs
and can also be characterized as bipartite quasimedian graphs.

Finally, partial binary Hamming graphs are isometric subgraphs of binary
Hamming graphs.

As expected, every binary Hamming graph is a median graph and every
median graph a partial binary Hamming graph.

Let G be a connected graph on n vertices with m edges. Then one can
determine whether G is a binary Hamming graph in O(m) time as has been
shown by Bhat [3].

For median graphs the situation is less favorable, but they can be recog-
nized in O(mn'/?) time as has been shown by Hagauer, Imrich and Klavzar
[4].

For the recognition of partial binary Hamming graphs several algorithms
have been proposed, all with complexity O(mn). These algorithms include
one by Jha and Slutzky [6], one by Bandelt [| and one by Imrich and Klavzar
[5].

Since the number of edges of a binary Hamming graph with n ver-
tices is bounded by mlogn these complexities actually are O(nlogn) for
the recognition of binary Hamming graphs, O(n3/ 2logn) for median graphs
and O(n?logn) for partial binary Hamming graphs.

For Hamming graphs the fastest algorithm hitherto uses a prime factor-
ization algorithm of connected graphs with respect to the Cartesian product
[2] and has complexity O(mlogn). For quasimedian graphs there is an al-
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gorithm by Hagauer [| of complexity O(mlogn + n°/logn) and for partial

Hamming graphs there are several algorithms of complexity O(mn), see e.g.

[5]-



The purpose of this note is an algorithm that checks in O(m) time and
O(n?) space whether a graph is a Hamming graph.

2 Hamming graphs

To fix notation we begin with a more detailed definition of Hamming graphs.

Let 71, ..., 74 be given integers > 2 and let V' be the set of t-tuples ajas...a;
with 0 < a; < r:—1. These t-tuples will be the set of vertices of our Hamming
graph. We note that there are n = [[i_; ; such t-tuples.

We connect any two t-tuples aias...a; and b1bs...by by an edge if they
differ in exactly one place, i.e. if there is a j such that a; # b; but a; = b;
for i # j. Let E be the set of such edges. Then the graph H = (V, E) is
called a Hamming graph.

It is easy to see that the shortest path distance in H between any two
vertices ajas...a; and byby...by is the number of places (or components) in
which these t-tuples differ. This distance is also called the Hamming distance
and the corresponding labelling of the vertices of H a Hamming labelling.

Let vg = 00...0 and let vg, vy, ..., v, be a BFS ordering of the vertices of
H. Furthermore, let [;, denote the k-th level with respect to this ordering.
It consists of all vertices of distance k from vy.

Clearly lg consists only of vy and [y of all neighbors of vy. In general we
can say that [ consists of all those t-tuples ajas...a; in which exactly k of
the a; are # 0. For further reference we state the following observations as
Facts.

Fact 1 Let 7 be a permutation of {0,1,....,r; — 1}. If
h:v— aias...qa;...a;
1s a Hamming labelling of H, then
mh v — ajas...Ta;...a¢
1s also a Hamming labelling.
Fact 2 Let1 <i < j <t andh be given as in Fact 1. Then
hij : v+ a1a2...0;-10jQi41...0j_10;0j41...0¢

1s also a Hamming labelling.



Fact 3 The vertices of type 0...0a;0...0,a; # 0, form a complete graph G;
on r; — 1 vertices and there are no edges between G; and G; for i # j.

Fact 4 Let u = ajas...a; € lp, k > 1. Then every neighbor v of u in lp_1 has
exactly one more vanishing component than u.

Also, if k > 2 the vertex u has at least two neighbors v,w in lx_1 and
they differ in exactly two coordinates.

Moreover, if v = biby..by and w = cica...c; then a; = max{b;,¢;} for
i=1,...t.

Suppose we are given a Hamming graph H by its adjacency matrix A.
Then we can assign labels to its vertices by the following algorithm.

The Labelling Algorithm
Input: The adjacency matrix of a Hamming graph.
Output: A Hamming labelling of H.

(1) Choose a vertex vg.

(2) Arrange the vertices of H in levels ly, 11, ..., I such that I; contains all
vertices in H of distance i from vy.

(3) Find the connected components of the subgraph of H spanned by the
vertices in 1. Let these components be C1, Cs, ..., Cy with ri—1,r9—2, ..., 14—
1 vertices, respectively.

(4) Label vy with a vector of length ¢ containing only zeros.

(5) Label the vertices of C; with vectors of the form 0...0a,0...0, i.e. vectors
of length ¢ in which only the i-th coordinate a; is different from zero, such
that a; assumes all values between 1 and r; — 1.

(6) Suppose all vertices in [;,1 < j < k, have already been labelled. Choose
an unlabelled vertex w in ;1. It must have at least two neighbors v, w in
l;. Let the labels of v and w be b1bs...b; and cica...ct, respectively. Setting
a; = max{b;, ¢;} we obtain a label ajas...a; for u.

Proposition 5 The labelling algorithm, applied to a Hamming graph H,
yields a Hamming labelling of H .

Proof. By Fact 1 there is a Hamming labelling where vg has the label 00...0.



By Fact 3 the labels of the vertices in /1 have only one non-zero coordi-
nate. Moreover, all vertices in a C; differ in one and the same coordinate
from vg. By Fact 2 these coordinates can be arbitrarily assigned.

Once all vertices of [ are labelled, the labels of [o and all higher levels
are determined by Fact 4. O

Proposition 6 The time complezity of the labelling algorithm is O(m),
where m = |E(H)|.

Proof. Steps (1) and (4) require constant time.

Steps (2) and (3) and (5) can each be completed in O(m) time.

Neighbors v, w € [; of w € [;11 can be chosen in constant time and the
new label for u can be formed in time O(t). Let n = |V(H)|. Then the
complexity of step (6) is O(nt).

Since every vertex of H has at least t neighbors we infer nt < 2m. Hence,
O(nt) = 0O(m). O

Thus, for Hamming graphs H our algorithm yields a Hamming labelling
in O(m) time. Given any graph G of which we wish to find out whether
it is a Hamming graph or not, we can try to apply the labelling algorithm.
If it cannot be completed G cannot be a Hamming graph. However, if it
succeeds G still need not be a Hamming graph. How and how fast can we
check this?

We may assume that all labels of the form ajas...a; with a; € {0,1,...,7;—
1} really occur, for otherwise G is not a Hamming graph. But then we
can check in one run whether all edges which a Hamming graph with this
labelling must have really occur. Every such check can be done in constant
time since we work with the adjacency matrix. If no edges remain, G is a
Hamming graph.

The Hamming graph Algorithm
Input: The adjacency matrix A of a graph G.
Output: A Hamming labelling of G if it exists, rejection otherwise.

(1) Choose a vertex vp.

(2) Arrange the vertices of G in levels ly, [y, ..., such that [; contains all
vertices in G of distance ¢ from wvy.

(3) Find the connected components of the subgraph of G spanned by the



vertices of [1. Let these components be C1, Cy, ..., Cy with r1—1,7r9—2, ..., 14—
1 vertices, respectively.

(4.a) If any of the subgraphs of G spanned by the C; is not complete then
reject.

(4.b) If n # [1'_, r; then reject.

(dc) fm #3350 ri(r; — 1) H;-:L#i r; then reject.

(4.d) Form the vertices of the Hamming graph H with the labels ajas...a;
where a; € {0,...,r; — 1}.

(4.e) Label vy with a vector of length ¢ containing only zeros.

(5) Label the vertices of C; with vectors of the form 0...0a;0...0, where a; €
{1,...,7; — 1} and mark the corresponding vertices of H.

(6.a) Label all vertices of G' according to the rule in Fact 4 and mark the
corresponding vertex of H.

(6.b) If a vertex is marked more than once then reject.

(7) Scan all edges of H in some order and check whether they correspond
to an edge in G.
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